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Kuznetsov components of Fano threefolds
X = smooth Fano threefolds of Picard rank one: Pic(X) =Z - H
Index ix: Kx = —ix - H.

Degree d := H°.
Index iy =2 Index ix = 1
d Type d Type
4 (2,2)-c.i. Ya C P° 18 Xis C Gr(2,7)
3 cubic threefold Y5 C P* 14 | Linear section Xiq = Gr(2,6) N P° Cc P'
2 | double quartic solid Y, — P® || 10 Gushel-Mukai threefolds

Definition A Gushel-Mukai threefolds is either
(ordinary) a (2,1, 1)-complete intersection of Gr(2,5): Xio = Gr(2,5) NP’ N Q C P°, or
(special) a double cover Xjo — Ys = Gr(2,5) NP C IP? of a linear section of Gr(2,5), branched in a
(2,1,1,1)-c.i., i.e. a GM K3 surface.

Kuznetsov components

D(X) = DP(X) = D(Coh X) = bounded derived category of coherent sheaves.

Index iy = 2: Index ix = 1:
D(Y) = (Ku(Y),Oy,Oy(H)), ie., D(X) = (Ku(X), &, Ox)
Ku(Y)={E: Hom®*(Oy, E) = Hom*(Oy(H), E) = 0}. where £ = pull-back of tautological subbundle

from Gr(2,?).
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Instead of an introduction: VBAC?

What does this have to do with vector bundles on algebraic curves?? E W !

Meta-Principle :

Using Ku(X) instead of D°(X) gives much more curve-like behaviour
for Fano varieties of higher dimension.

Sometimes literally:
Theorem [BONDAL-ORLOV '95]
Yy C P® (2,2)-c.i. ~ pencil of quadrics ~ 2:1-cover C, € P'. Then:

D°(C2) = Ku(Ya).

Other times: Behaviour of Ku(X) in terms of stability, Ext-vanishing,
smoothness of moduli spaces, Brill-Noether behaviour, ...

Applications X ~ Ku(X) highlights and encodes relations between different Fano threefolds.
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More on Kuznetsov components

Kuznetsov components
Index iy = 2: Index ix = 1:

D°(Y) = (Ku(Y),Oy,O0y(H)), ie., D°(X) = (Ku(X), &, Ox)
Ku(Y)={E: Hom*(Oy, E) = Hom*(Oy(H), E) = 0}. & = pull-back of taut. subbundle from Gr(2,?).

Properties:
@ i: Ku(X) c D(X) is an admissible subcategory: i has left- and right adjoints i*, i".
@ These act quite naturally and geometrically.

Example:

LcYline~i*lp=1

C C Ys conic ~ i*(Ic(1)) = I/ (—1) where L = line residual to C.
@ Ku(X) has Serre functor Sicy(xy:

Hom(E, F) = Hom(F, SKU(X)(E))v

@ Ext-vanishing ~ Objects in Ku(X) have better-behaved deformation theory.
@ Ku(X) often controlled by Kuznetsov’'s Homological Projective Duality
@ Numerical K-group of Ku(X) has rank two.
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Stability conditions on Kuznetsov components

Bridgeland stability = notion of stability that mimics slope-stability on curves as much as possible

D c D(X) admissible subcategory.
Definition A stability condition on D is a pair o = (Z,.A), where

@ Z: K(D) — C group homomorphism, /
@ A C D heart of a bounded t-structure, such that:

@ Z(E):=Z(v(E)) € HUR_o, for all nonzero E € A

«»snope w(E) = S55
© Harder—Narasimhan filtrations exist in .A: for every E € A there ~» Definition: E is Z-semistable <
exists a (unique and functorial) filtration forall A C E, have p(A) < u(E).

E()CE1C...Em:E

with E;/E;_1 Z-semistable, u(Ei/Eo) > --- > p(Em/Em-1).
© Support property

Theorem [B-LAHOZ-MACRI-STELLARI 17, B-L-M-NUER-PERRY-S '19]
@ Stability conditions exist on Kuznetsov components of all(*) prime Fano threefolds.
@ They come with proper moduli spaces M, (v) of semistable objects.
@ This construction works in families of Fano threefolds.
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Intermediate Jacobians
Definition
The intermediate Jacobian of a Fano threefold X is
J(X) = H}(X,C)/(H*'(X,C) @ H*(X, Z))

Intersection pairing on H® ~+ polarisation on J(X) = polarised abelian variety.

CH2,,.(X) = 1-cycles [C] of degree H.[C] = 0.
[BLOCH-SRINIVAS]: CHZ,_(X) = J(X).

Examples
o J( Y4) = J(Cg)
@ [CLEMENS-GRIFFITHS] J(Y3) indecomposable and not Jacobian of a curve = Y3 not rational.
Fact Every moduli space M., (v) of objects in Ku(X) comes with a map
M,(v) = J(X), Ew c2(E)— c(Eop).

Theorem [PERRY] Intrinsic notion of intermediate Jacobians of categories (for admissible D C D(X)):

J(Ku(X)) = J(X) for all Fano threefolds X.

Torelli? Does J(X) determine X?
@ Does J(X) determine Ku(X)?
@ Does Ku(X) determine X?
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Examples and Applications

Key result

@ (In all cases discussed today) Serre-invariant stability conditions on Ku(X) are unique.
[FEYZBAKHSH-PERTUSI, JACOVSKIS-LIU-LIN-ZHANG]

@ Applies to stability conditions constructed in [BLMS]. [PErTUSI, ROBINETT, YANG]

Consequence, e.g. for Y4, Ys: Moduli spaces M, (v) are smooth.

Examples (selected)
Y3 cubic threefold:

@ line L C Y3. Then [, stable, and M, ([/.]) = F(Y3) [BERNARDARA-MACRI-MEHROTHRA-STELLARI '09]

@ ye Ys=i"lyisstable = Y3 C M,(v). Infact:
M. (v) — J(Y3) is resolution of ©-divisor: isomorphism outside 0 € ©, and Y3 — 0.
[B-BEENTJES-FEYZBAKHSH-HEIN-MARTINELLI-REZAEE-SCHMIDT]

Corollary Ku(Y3) determines Ys.
Also reproves classical Torelli: J(Y3) determines Ys.

Y> double quartic solid, general. M, (v) = Y2 U C reducible [ALTaviLLA-PETKOVIC-ROTA]
Corollary* Ku(Y>) determines Ya.

Result Y, Fano threefold of index two, d > 2 = Ku(Yy) determines Y.

6/11



Reconstructing X from KCu(X)
X prime Fano threefold of index 1, degree d > 10. Does Ku(X) determine X? No!

Example Xio C Gr(2,5) Gushel-Mukai threefold
Classical period map: M1g — P, X1o — J(Xi0) [DEBARRE, ILIEV, MANIVEL, KUZNETSOV].
Fibers: at least two surfaces, “line transforms” and “conic transforms” of X, birational to Xio.

These period partners have the same Ku(Xio). [KuzneETSOV-PERRY]

Theorem [JACOSVKIS-LIU-ZHANG]

Xy prime Fano threefold of index 1, degree d > 10.
@ X € Xy = i"Ox is stable, ~ Xqg C M, (V).
@ Brill-Noether reconstruction: Xy = {F € M, (v): ext®(F,i'€) =r}.
@ j'£is o-stable.

By construction, have exact triangle £2" — I, — i*Ox[—1] and hence ext?(i*Ox, £) = ext?(i*Ox, I'€) = r.
Corollary X, determined by (Ku(Xy), i'E).

Note Can interpret this via category (Ku(Xy), &).

Special cases of this result (mostly in different language) observed previously [Mukai, BRAMBILLA-FAENZI,
FAENZI-VERRA, ILIEV-MARKUSHEVICH-TIKHOMIROV]

Examples
Xio: i'€ can be in one of two 2-dimensional moduli space = surfaces identified by DIM.
X121 ICU(X12) = Db(C7) and I'!c(; — 0(;7.

Xi2 obtained as Brill-Noether locus of stable rank two vector bundles on C; [MUKAI]
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Kuznetsov components via (enhanced) group actions

Conjecture [KUzNETSOV] 1 < d < 5. There exists correspondene I' C My, x My,,,, with:

(Yd, X4d+2) el = K:U( Yd) = K:U(X4d+2).

Proved for d > 3. Yields explicit relations between Hilbert schemes on Yy and Xyq, 2.
[KUZNETSOV-PROKHOROV-SHRAMOV]

Theorem
Incase d = 2:
@ Ku(Y2) # Ku(Xi0) [SHIZHOU ZHANG, B-PERRY]
@ But Ku(Y2) and Ku(Xio) are deformation-equivalent. [B-PERRY]

Key: both Ku(Y2) and Ku(Xio) are of Enriques type:
Skuy, = i o [2] where i is an involution.
How to take maximum advantage of this?
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Group actions on categories
D linear category over a field, G finite group. What is an action of G on D?

Level 1: Aut D = autoequivalences of D up to natural isomorphism. Consider G — Aut D
Issue: not enough to construct category of G-equivariant objects.

Level 2: [DELIGNE] Functor ®4: D — D for all g € G and

natural transformation g : ®4 0 &5 — dgop for all g, h € G satisfying associativity condition.

Not every action of Level 1 lifts to Level 2! [BEckmaNN-OBERDIECK]

Definition D with action of G (Level 2).
DC = invariant category = category of G-equivariant objects.
Example: G acting trivially on D = k-Vect. Then D¢ = G-Rep.

Proposition (Residual action) [ELAGIN] G abelian. Then G acts on D¢ and (DG)G =D.

Examples [KuzneTsov-PerrY] Yz — P 2:1-cover branched at quartic K3 S ¢ P8,
Z/2 acts on Yz ~ Z/2 acts on D(Y>2) ~ Z/2 acts on Ku(Y>).
Ku(Yz)%? = D(S), with explicit formula for residual action on D(S).

Special GM threefold: Xjo — Y5 2:1-cover branched at GM K3 T C Gr(2, 5).
Z]2 acts on Xig ~ Z/2 acts on D(Xi0) ~ Z/2 acts on Ku(Xio).
Ku(X10)*/? = D(T), with explicit formula for residual action on D(T).

Ordinary GM threefold: Z/2-action exists on Ku(Xio).
Ku(Xi0)“/? = Ku(X;¢) where X;¥= associated (special) GM fourfold.
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Enriques-K3 correspondence for categories
Recall: Q Enriques, with K3 cover Q. Then:

Q = Q/(Z/2), and so D(Q)*/2 = D(Q).

7,/2 acts on D(Q) by tensoring with Kg, and D(Q)*/? = D(Q).
This generalizes to categories!

Definition D is an Enriques category if it has a Serre functor with Sp = i o [2], where i = involution
generating Z/2-action.

Proposition

e If D is an Enriques category, then D%/2 is a CY-2 category (K3 cover).

@ D, D, Enriques category. Then equivalence ®: Dy — D lifts to a equivalence D/ = DZ/? which is

Z/2-equivariant wrt residual action.

Theorem Ku(Y2) # Ku(Xio), Xio special.
PROOF [B-PERRY]
Otherwise, get Z/2-equivariant equivalence D(S) = D(T), where D quartic K3, T C Gr(2,5) GM Ka.
Derived Torelli for K3s = get Z/2-equivariant Hodge isometry H*(S,Z) = H*(T,Z)
Lattice computation = Picard group of T contains
10 3
(5 8

(¥ o)

Contradiction!
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Deformation equivalence

Theorem Ku(Y2) # Ku(Xio), Xio special.
PROOF Otherwise, ... Lattice computation = Picard group of T contains

10 1 10 3 .
I
( 1 O) or (3 O) , contradiction!

Theorem [B-PERRY] Ku(Yz2) ~ Ku(Xio)
10

PROOF Idea: GM K3 T deforms to K3 with Picard group 3 g) = To = quartic containing a line.

Consider family 7 — C with special fibre = Ty, general fibre = GM K8.
Key: Z/2-action extends to D(T).

On Ty conjugate to action coming from Y. — P® branched at Ty.

So D(T7)%/? = family of categories over C with

@ special fibre = D(Ty)%/? = Ku( Y2), and
@ other fiber = D(T)%/2 = Ku(Xio).

To make this rigorous, need group action on enhanced categories, e.g. stable oco-categories.
Good news: Action at Level 2 normally lift to actions at Level co.

Corollary Moduli spaces in Ku(Y2) and Ku(Xio) are deformation-equivalent.
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