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INTRODUCTION

THE PROBLEM of classifying the vector bundles £ over an algebraic curve X defined over the

complex numbers has been clarified recently by the introduction of the concept of stable
bundles ([4], [7], [11]): E is stable if, for every proper subbundle F of E,

deg - deg £
rk F rk E




2. We have made us his paper of some of the results of {2]. The connection between
our results and thos~ of Atiyah\s best summarised by the following commutative diagram

Ay . P2
! p ?
¥ 0 ¥ € \:
J3 < S3(X) -> P

Here S3(X) is the symmetric cube of X and P is the variety of P,-bundles over X which
arise from stable bundles of the type considered in this paper. The maps y and ¢ are the
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e (' curve genus g > 2, FE rank 2 stable bundle

o ® c HY(C,Endg E ® K),tr®? ¢ HO(C, K?)

dim HO(C,Endp E @ K) = 39 — 3 =dim HY(C, K?)

o h:(C39—3 s C39-3 quadratic map

hi(z1,...,234-3),1 <1i < 3g — 3 quadratic functions

e Multiplicity algebra: C[:Ijl, Ce ,x3g_3]/{h1, Cee h3g_3}




E is very stable if ® ¢ H9(C,Endg E ® K) is never nilpotent

e — h IS proper

o — h° p3g—4 N p3g—4

— family of quadrics in P39~—% parametrized by P(H1(C, K*))

e = graded algebra, Poincaré polynomial (1 + ¢)39—3



COMPARE....

e simple Lie algebra g

Cartan subalgebra h, dimbh =k

e basis p1,...,p:. for invariant polynomials: p: Ck — C*

e algebra = H*(G/B,C) (Borel)



MO TIVATION...

M moduli space of Higgs bundles

HOY(C,Endg E ® K) C M Lagrangian submanifold

mirror (Fourier-Mukai) = rank 239—3 vector bundle over MV

Structure?

. at the canonical point it is the multiplicity algebra



RANK 2, GENUS 2, ODD DEGREE



M.F.Ativah, Complex fibre bundles and ruled surfaces, Proc.
Lond. Math. Soc. 5 (1955) 407—434.

e Endg E independent of E— EQ L

assume extension O - F — L, degL =1

e extension class [a] € HI(C,L*) dim HL(C,L*) = 2

. determined by s € HO(C, KL) with [a]s =0 € H(C, K)

e divisor of s: p+qg+r



e I has 4 degree zero subbundles

e hyperelliptic involution ¢ : C — C, 7 :C — P1

branch points z1,...,zg! P1

e divisors:

pt+q+r
p+o(q) +o(r), q+o(r)+olp), r+o®) +o(q)

o (n(p),m(q),m(r))" S3(PL) = P3

moduli space double cover =

cubic polynomials p(z), branched over p(x;) = 0,2 =1,...



HIGGS FIELDS ! ! H9(C,EndgE " K)

¥ C* decompositon E=0$L ! #! 0(c,LY)
| .
° | = a b holomorphic if
C -—a
Pc=0 , Wa+ 1c=0, W% 2! a=0

¥ E very stable ' HOC,L™)=0

I Hi(c,L)=0 ,HY(Cc,L ' K)=0 ,HOC,L)=0



holomorphic if Ya=0 ,Bb! 2"a=0

e a=he HYC,K), [alh € HI(C,L*K) = 0 = 2ah = Ob

e HO(C,L*K) = 0 = b unique

e basis hi,hr € HO(C, K) define &1, P>



(s )

holomorphic if

dc = 0, Oa + ac = 0, Ob — 2aa = 0

e cc HY(C, LK) take ¢ = s divisor p+q—+r
¢ [a]s =0 = ac = —da defined modulo hy, ho

e defines 3 modulo P, P>



tr(z1®P1 + 2oPo + 23P3)% =
|
| 1] 2
112 oy
4 e

2 I I

- 1 2
(11X + 1ox2)  +(1 G)X§+(1 | q)x%

¥ " equivalentto x2=0= y2= 72 algebra £ H$(CPL)3,C)

¥ linear combinations of relations and generators

# isomorphism of algebras



THE DISCRIMINANT



¥h:Ch'! CIM quadratic map

hi = Qi(y,y) Qi " n# n symmetric matrix

¥ discriminant. det( x1Q1+ aa#& xnQp)=0

degree n hypersurface in P N$1

¥ projective equivalence class of the discriminant =

Invariant of the isomorphism class of the algebra

¥ n = 3 cubic curve

genus 2 odd degree: three lines



MORE INVARIANTLY....

¥tr! 21 HY(C,K?2), I';! HY(C,K")

hi= #itr! 2$1 HY(C,K) £ C

¥1 1 Hi(c, k")
l :HO(C,EndgE & K)' H1(C,EndgE)

discrimmnant det ! =0
¥ hypersurface in P( H1(C,K "))

¥ g > 2 singular

(! %x! C( P(H(C,K")) annihilates !

which vanish at

X)



RANK 2, GENUS 2, ZERO DEGREE



e moduli space P3

e extensions L' " E" L, L# Picl(C)

{L:L'$ E}definesa?2! divisorand P3 = P(H(Picl(C),2! ))

B.van Geemen & E.Previato, On the Hitchin system, Duke Math.J.
85 (1996), 659—683.

F.Loray & V.Heu, Hitchin Hamiltonians in genus 2, “Analytic and
Algebraic Geometry” (A.Aryasomayajula et al (eds.)), Springer
Nature Singapore Pte Ltd. and Hindustan Book Agency, (2017)
153—-172.




rstllo(ug! 1)+ '1(uour + ug)+ !2(ugug+ ug)]?!
st'o(ugug ! ug)+ 'a(uf+1)+ !o(ugup + ug)l +
Adrs(! gug + !1u1)2! rt[!o(u(z)+l)+ lo(upug + wo) +
2(upug ! ug)]?
Hu§+ uf+ us+1)[( 16+ 1§+ 15)+( loug+ '1ug + !2up)?]+
st(ug! ui+ uj! 1)[('2' 1§+ 15) 1 (Toug + 'qug + 1oup)?]+
dr(uguz ! w)['o!2+( loug+ Trug + Toup)lq]+
4sr(upug + U1)['2'o' (oup + tqur + toup)lq]+
ds(ugup + ug)[t1!2! (Toupg+ Pqug + toup)lo]+
Ari(ugur + u2)[!o!1! (ouo+ liui + 'oup)!o]
sl'o(uzuo + ua) + !1(ugup + ug)+ !2(uz! 1)]°!
[o(uauo ! ua)+ !1(ugup + ug)+ !2(uj+1)] !
t[no(uou1 + u2) + no(uius — ug) + n1(usd + 1)]° +
+4r(n1uy + noun)?

h;, = relations for ng,n1, no



e (ug,ui,us) affine coordinates on P3

(ng,m1,mn>) associated coordinates on cotangent space

e multiplicity algebra = Clng, n1,n2]/{h1,h2, h3}



A GENERAL FACT...

e (U curve genus g

K1/2 odd theta characteristic (dim HO(C, K1/2) odd)

e [ rank 2 bundle, trivial determinant,
= dim H°(C,Endg E @ K1/2) is odd

W.Oxbury, Oxford D.Phil. thesis (1987)



e g =2, fixed point = of ¢ = zero of section s of K1/2

e W e HI9(C,Endg E @ K1/2)
sW € HO(C,Endp E ® K) vanishes at =

= trsWwd(x) = 0 for all &

e = discriminant passes through z € C — P(H1(C, K*))



e discriminant det(CIZlQl + x0Q)> + 333Q3) =0

cubic curve in P(HY(C, K*))

e C = P(HI(C,K*)) image conic
6 fixed points z; of o : C — C are K1/2 divisors

discriminant = cubic through zq,...,zg

e blow up P(H(C, K*)) at 6 points in the conic: linear system
of cubics through 6 points 3H—-FE1—...—Eg maps the blow up
to a cubic surface S with a node ((X)2 = —2 = X collapsed)

e discriminant of £ = plane section of a singular cubic



e moduli space Ny = P3

e extensions L* — E — L, L € Picl(C)

{L: L* C E} defines a 20 divisor and P3 = P(H%(JacC,20))

B.van Geemen & E.Previato, On the Hitchin system, Duke Math.J
85 (1996), 659—-683.

F.Loray & V.Heu, Hitchin Hamiltonians in genus 2, “Analytic and
Algebraic Geometry” (A.Aryasomayajula et al (eds.)), Springer
Nature Singapore Pte Ltd. and Hindustan Book Agency, (2017)
153—-172.




Picl(C) — surface S, tangent bundle S x H(C, ©)

smooth 2@ divisor = genus 5 curve Cfx

(C5.C5 = 402[S] =8 =29 — 2)

20 divisors in Picl(C) symmetric under L — KL*

(H(C,E® L) =0« HY(C,E® L*K) = 0)

free involution ! : Cg — Cf

quotient curve C3 of genus 3.



line bundle L° " E =sectionof P( E)# C

| 2E trivial $ normal bundle L?

L'# E# L verystable $ HO(C,L"K)=0

$ HY(C,L2)=0 $ space of sections is smooth

very stable $ smooth 2 " divisor in Pic 1(C)



! .
e normal bundle of (5 = canonical bundle Kg

e invariant sections = tangent space of moduli space
HY(C,Endo E) = H%(Cs,Ks5)* = HO(C3, K3)

dual: HO(C,EndgE" K) L HO(C,, Ka)¥

¥ translations in Pic 1(C) deform 2 !
$ H1(C,0) L HO(Cs,Ks5) %L HO(C3,KU)

U line bundle on Cj3, U2L O



¥ basis s,t! HOY(C3,K3U)

g1 = s%,qgp = st,gz3 = t?! HY(C3,K%)

¥ C3 nonhyperelliptic " H9(C3,K%)= S?HY(C3,K3)

g # Q; quadratic forms on  HO9(C3,K3)%% HO(C,End g E %K)

Thm : (van Geemen/Previato) The quadratic forms  Qq1,Q2,Q3

debne the map h :HO9(C,EndgE %K) & HO9(C,K?2)

(S2HO(Cj3,K3U) # S2HL(C,0)= S2HO(C,K)$= HO(C,K 2)$



FROM THE DISCRIMINANT
... 10 THE BUNDLE



¥ any smooth cubic curve can be written In the form

det( x1Q1 + x2Q2 + x3Q3)=0

¥ Q% — Q10Q3 =0 debnes a quartic plane curve Cj

¥ Qp debnes q; € HY(C3,K %) with double zeros

i.e. qu = s for a section of K3U,U22" 0O
¥ Cg debPned as the unramibPed covering Cg — Cg

¥ the Prym variety P(  Cg, C3) Is the Jacobian of a genus 2 curve.



I a general cubic through the 6 points is the discriminant for a
very stable bundle.

Corollary : As E varies, the modulus of the cubic curve which is
the discriminant of the quadratic map varies nontrivially.

I the isomorphism class of the algebra varies nontrivially.




... THE MODULI SPACE

e any smooth cubic curve can be written in the form

det( x1Q1 + x2Q2 + x3Q3)=0 ...

..depending on choice of K 1/2 with HO(X,K 1/2)=0

o K L O: three choices

e moduli space of projective bundles |

threefold cover of P 3 branched over a degree 12 surface




¥ moduli space of projective bundles P(  E) =

P3/H 1(C,Z5) = Igusa quarticin P 4

¥ dual of quartic = Segre cubic
dual of point = hyperplane P 3

planes In hyperplane ! lines through point

¥ hyperplane section = singular cubic surface

¥ " 3-fold cover = projection from a point on the quartic



e reintroduce the curve C:

e discriminant ! ! P(H(C,K"))

e g =2 even degree !

g=2odd degree ! = 3lines
m(q)

conic w(C)



RECOVERING THE BUNDLE P(E)



e g > 2, C non-hyperelliptic
semistable bundle E.A2E £ O determined by

20-divisor D(E) Cc {L € Pic9~1(C) : L* Cc E}

e very stable B:P39%4¢& P(HO(C,K 2))

a'& a2: P91 L p(HO(C K)) " P(HO(C, K 2))

¥ Prop :
(i) ASL(P(HO(C,K)) £ D(E)/! where !(L)= KL %

(i) B! Gauss map D(E) & P(H9(C,K))




@ tP(HOYC,K)= {! " HYC,EndgE # K):det ! = ! a4}
L,KL ¥ are the eigenspaces with eigenvalues +a

(spectral curve x2! a? =0)

¥ D(E) smooth % dim HO(C,E # L) =1 unique L®&E

¥ Gauss map: D(E)' P(HO9(C,K))

P(HO(C,K?2)= @&



g' L(P(HO(C,K)) as an abstract variety

¥ consider M

¥ guadratic maps
2
P(HO(C,K)) # P(HO(C,K 2))
Ag:pP39 4" pP(HO(C,K ?))
¥ injection f :M " P39 4# P(HO(C,K))

U= f%(@,! 1),u22o0

& unramibed double covering M " M



¥ g> 2: Pic %(M) £ Pic%Pic 9" 1(C)) £ Pic%(C)
¥ Alb( M) £ Pic9" 1(C)
¥ M # Alb( M) = Pic9" 1(C) debned up to translation

¥ 2! -divisor debned up to 2-torsion $ P(E)



....AND FINALLY



¥ X = Intersection of two quadrics in P @

= blow up of P 2 at 5 points

¥ 16 lines =

5 points +10 lines joining them + 1 conic

¥ conbPguration: 5 intersections on each line

Clebsch graphs



e how many pairs of skew lines?
e ((16-1—-5)x16)/2 = 80

Happy birthday Peter!



