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MTRODUCTION 

THE PROBLEM of classifying the vector bundles E over an algebraic curve X defined over the 
complex numbers has been clarified recently by the introduction of the concept of stable 
bundles ([4], [7], [I I]): E is stabk if, for every proper subbundle F of E, 

degr’< . deg E 
rk F rk E 

It has been shown in particular that, if L is a line bundle over X and n is a positive integer, 
then the isomorphism classes of stable bundles of rank n and determinant L over Xform a 
nonsingular quasi-projective variety S,,, of dimension (n” - I)(g - 1); if II and degL are 
coprime, then S,,, is actually projective. Moreover S,,, is universal in the following sense: 
if T’is the base of an algebraic family of stable bundles of rank n and determinant L over X, 
then the canonical map T-t S,,, is regular. Actually something rather stronger than this is 
true: there is a vector bundle F over S,,, x X which has the obvious universal property for 
families of bundles of this type (see [l I], [j]). Note that, if M is any line bundle over A’, the 

map 

defines an isomorphism 

it follows that S,,, depends essentially only on deg L mod II. 

Our object in this paper is to identify S l,L when Xhas genus 2 and deg L is odd; in this 
case we denote Sz,L simply by S. The topology of S (which is independent of the curve X) 
has been investigated in [8]; the methods of that paper can in fact be used to identify S as a 
differentiable manifold. We shall use a completely different approach in order to identify S 
as an algebraic variety. 

Since X has genus 2, there is a unique rational involution on X. This makes X into a 
double cover of P, which is ramified at six points, these six points being determined by Xup 
to projective equivalence. There is then a pencil {A, : 1. E PI>- of quadrics in P, , again 
determined up to projective equivalence, in which A, is a cone if and only if I. is one of the 
six points. Let Q = n A,. Our main result is 

205 



‘14 P. E. NEWSTEAD 

taking coordinates we see that the only such automorphisms are the harmonic inversions 
with respect to opposite faces of the common self-polar simplex. Thus Ker $ 2 Zz5 and we 
have an exact sequence 

1 -+ZZ’-+Aut Q-G’-+ I. 

Finally, recall that X is the double cover of P, ramified at the six points corresponding to 
cones of the pencil {A,}. It follows that any element of G’ can be lifted to an automorphism 
of X in two distinct ways; moreover, since X is a double cover of P, in a unique way, every 
automorphism of S arises in this way. So /Aut X] = 2/G’/, and this completes the proof 
of the theorem. 

Note that, for a general set of 6 points of Pi, G’ = [I]. This corresponds to the case 
of the corollary. Tt should be quite simple to identify the various automorphisms of S 
as automorphisms of Q. but we shall not do so here. 

37. FINAL REMARKS 

I. If we project Q from any line 1 lying on Q, we obtain a birational map from Q to 
P, . This map is biregular at every point 5 E Q which does not lie on a line meeting 1; and 
it maps the lines that meet I into the points of a non-singular quintic curve, which is 
naturally isomorphic to X. The configuration is very similar to that obtained by applying the 
methods of [2] to the extensions 

over X, where D is a suitable line bundle of degree 3. My original proof of Theorem 1 was 
based on a more detailed examination of this situation. 

2. We have made use in this paper of some of the results of 121. The connection between 
our results and those; of Atiyah is best summarised by the following commutative diagram 

Here S3(X) is the symmetric cube of X and P is the variety of Pi-bundles over X which 
arise from stable bundles of the type considered in this paper. The maps y and 6 are the 
obvious canonical maps, while E is the map defined by Atiyah in [2] II 4.2 (iv). To define 
fl, let (I, 5) E Y and consider the corresponding extension i(f, <). Since this is non-trivial it 
determines a point of P(H'(X; L;* @L,')), and this space is naturally isomorphic to 
P(HO(X; K@ L," @L,'*)). Finally a point of this space can be identified with a divisor in 
the class [I(@ L," @ L1'*l and thus with a point of S3(X) (deg(KO L," 0 L,'*) = 3 by 
Lemma 5). This point is /?(I, <). Finally, r is defined by r(N) = K@ L @ TV*'. The right-hand 
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square of the diagram is commutative by [2] II 1.2 (iv) and the left-hand square by con- 
struction. Note that r, p and y are all coverings with group ZL4 (X and p being unramiiied), 
j.pl and 8 are P,-fibrations, and pz and E are finite maps of degree 1. 

3. Most of the arguments of this paper remain valid when C is replaced by any 
algebraically closed field k. Theorem 1 is certainly true if k has characteristic 0. In charac- 
teristic p, Mumford’s theory does not work and \ve do not know that S exists; however it 
seems reasonable to conjecture that Q is still a classifyin g variety for bundles of the type 
considered. 
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T.Hausel & N.Hitchin, Very stable Higgs bundles, equivariant
multiplicity and mirror symmetry, Invent. math. (2022)

T.Hausel, Enhanced mirror symmetry for Langlands dual Hitchin
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• C curve genus g � 2, E rank 2 stable bundle

• � 2 H0(C,End0E ⌦K), tr�2
2 H0(C,K2)

dimH0(C,End0E ⌦K) = 3g � 3 = dimH0(C,K2)

• tr�2 : C3g�3
! C3g�3 quadratic map

hi(x1, . . . , x3g�3),1  i  3g � 3 quadratic functions

• multiplicity algebra: C[x1, . . . , x3g�3]/{h1, . . . , h3g�3}

2

• C curve genus g � 2, E rank 2 stable bundle

• � 2 H0(C,End0E ⌦K), tr�2
2 H0(C,K2)

dimH0(C,End0E ⌦K) = 3g � 3 = dimH0(C,K2)

• h : C3g�3
! C3g�3 quadratic map

hi(x1, . . . , x3g�3),1  i  3g � 3 quadratic functions

• multiplicity algebra: C[x1, . . . , x3g�3]/{h1, . . . , h3g�3}
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E is very stable if � 2 H0(C,End0E ⌦K) is never nilpotent

• ) h is proper

• ) h̄ : P3g�4
! P3g�4

= family of quadrics in P3g�4 parametrized by P(H1(C,K⇤))

• ) graded algebra, Poincaré polynomial (1 + t)3g�3
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COMPARE....

• simple Lie algebra g

Cartan subalgebra h, dim h = k

• basis p1, . . . , pk for invariant polynomials: p : Ck
! Ck

• algebra ⇠= H⇤(G/B,C) (Borel)

1



MOTIVATION...

• M moduli space of Higgs bundles

• H0(C,End0E ⌦K) ⇢ M Lagrangian submanifold

• mirror (Fourier-Mukai) = rank 23g�3 vector bundle over M
_

• Structure?

... at the canonical point it is the multiplicity algebra
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M.F.Atiyah, Complex fibre bundles and ruled surfaces, Proc.
Lond. Math. Soc. 5 (1955) 407–434.

• End0E independent of E 7! E ⌦ L

assume extension O ! E ! L, degL = 1

• extension class [↵] 2 H1(C,L⇤) dimH1(C,L⇤) = 2

... determined by s 2 H0(C,KL) with [↵]s = 0 2 H1(C,K)

• divisor of s: p+ q + r

1



• E has 4 degree zero subbundles

• hyperelliptic involution � : C ! C, ⇡ : C ! P1

• divisors:

p+ q + r

p+ �(q) + �(r), q + �(r) + �(p), r + �(p) + �(q)

• (⇡(p),⇡(q),⇡(r)) 2 S3(P1) = P3

double cover = cubic polynomials p(z) + choice of root

2

• E has 4 degree zero subbundles

• hyperelliptic involution � : C ! C, ⇡ : C ! P1

• divisors:

p + q + r

p + �(q) + �(r), q + �(r) + �(p), r + �(p) + �(q)

• (⇡(p),⇡(q),⇡(r)) " S3(P1) = P3

moduli space double cover =

cubic polynomials p(z), branched over p(xi) = 0, i = 1, . . . ,6

1

branch points x1, . . . , x6 ! P1

• g > 2, C non-hyperelliptic

semistable bundle E, ! 2E "= O determined by

2" -divisor D(E) # {L ! Pic g$ 1(C) : L%# E}

• very stable øh : P 3g$ 4 & P( H0(C,K2))

a '& a2: P g$ 1 "= P( H0(C,K)) # P( H0(C,K2))

• Prop :

(i) øh$ 1(P( H0(C,K)) "= D(E)/! where ! (L) = KL%.
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• C1 decomposition E = O � L

•

! =

!
a b

c �a

"

holomorphic if

!̄ c = 0, !̄ a+ " c = 0, !̄ b� 2" a = 0

1
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¥
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!
a b
c �a

"

holomorphic if

ø! c = 0 , ø! a + " c = 0 , ø! b� 2" a = 0

1
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HIGGS FIELDS ! ! H 0( C, End 0 E " K )

¥ C# decomposition E = O $ L

! ! " 01 ( C, L %)

¥

! =

!
a b
c & a

"

holomorphic if

ø" c = 0 , ø" a + ! c = 0 , ø" b& 2! a = 0

¥ If c = 0, a is a holomorphic 1-form
1
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¥

! =

!
a b
c & a

"

holomorphic if

ø" c = 0 , ø" a + ! c = 0 , ø" b& 2! a = 0

¥ E very stable ' H 0( C, L %K ) = 0

1

! H 1( C, L ) = 0 , H 1( C, L " K ) = 0 , H 0( C, L ) = 0



¥

� =

!
a b
0 ! a

"

holomorphic if ø! a = 0 , ø! b ! 2" a = 0

¥ a = h " H 0( C, K ), [ " ]h " H 1( C, L #K ) = 0 $ 2" h = ø! b

¥ H 1( C, L #K = 0 $ b unique

¥ basis h1, h2 " H 0( C, K ) deÞne �1,�2
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•
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a b
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tr(x1�1 + x2�2 + x3�3)2 =

�1�2
4

 

x3 +
2

�1�2
(�1x1 + �2x2)

!2
+ (1�

�1
�2

)x21 + (1�
�2
�1

)x22

• ) equivalent to x2 = 0 = y2 = z2, algebra ⇠= H⇤((CP1)3,C)

• linear combinations of relations and generators

⇠ isomorphism of algebras
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¥ h : Cn ! Cn quadratic map

hi = Qi ( y, y) Qi " n # n symmetric matrix

¥ discriminant: det( x1Q1 + á á á+ xnQn) = 0

degree n hypersurface in P n$ 1

¥ projective equivalence class of the discriminant =

invariant of the isomorphism class of the algebra

¥ n = 3 cubic curve

genus 2 odd degree: three lines

2

¥ h : Cn ! Cn quadratic map

hi = Qi ( y, y) Qi " n # n symmetric matrix

¥ discriminant: det( x1Q1 + á á á+ xnQn) = 0

degree n hypersurface in P n$ 1

¥ projective equivalence class of the discriminant =

invariant of the isomorphism class of the algebra

¥ n = 3 cubic curve

genus 2 odd degree: three lines
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¥ tr ! 2 ! H 0( C, K 2), ! i ! H 1( C, K " )

hi = #! i tr ! 2$ ! H 1( C, K ) %= C

¥ ! ! H 1( C, K " )

! : H 0( C, End 0 E & K ) ' H 1( C, End 0 E )

discriminant det ! = 0

¥ hypersurface in P( H 1( C, K " ))

¥ g > 2 singular

( ! % x ! C ( P( H 1( C, K " )) annihilates ! which vanish at x)

1

MORE INVARIANTLY....
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• moduli space P3

• extensions L! " E " L, L # Pic1(C)

{L : L! $ E} defines a 2! divisor and P3 = P(H0(Pic1(C),2! ))

B.van Geemen & E.Previato, On the Hitchin system, Duke Math.J.
85 (1996), 659–683.

F.Loray & V.Heu, Hitchin Hamiltonians in genus 2, “Analytic and
Algebraic Geometry” (A.Aryasomayajula et al (eds.)), Springer
Nature Singapore Pte Ltd. and Hindustan Book Agency, (2017)
153–172.
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h0 = rst[! 0(u2
0 ! 1) + ! 1(u0u1 + u2) + ! 2(u2u0 + u1)] 2 !

st[! 0(u0u1 ! u2) + ! 1(u2
1 + 1) + ! 2(u1u2 + u0)] 2 +

4rs( ! 0u0 + ! 1u1) 2 ! rt[! 0(u2
0 + 1) + ! 0(u0u1 + u2) +

+ ! 2(u2u0 ! u1)] 2

h1 = t(u2
0 + u2

1 + u2
2 + 1)[( ! 2

0 + ! 2
1 + ! 2

2 ) + ( ! 0u0 + ! 1u1 + ! 2u2) 2] +

st(u2
0 ! u2

1 + u2
2 ! 1)[( ! 2

0 ! ! 2
1 + ! 2

2 ) ! ( ! 0u0 + ! 1u1 + ! 2u2) 2] +

4r(u0u2 ! u1)[ ! 0! 2 + ( ! 0u0 + ! 1u1 + ! 2u2) ! 1] +

4sr(u2u0 + u1)[ ! 2! 0 ! ( ! 0u0 + ! 1u1 + ! 2u2) ! 1] +

4s(u1u2 + u0)[ ! 1! 2 ! ( ! 0u0 + ! 1u1 + ! 2u2) ! 0] +

4rt(u0u1 + u2)[ ! 0! 1 ! ( ! 0u0 + ! 1u1 + ! 2u2) ! 2]

h2 = s[! 0(u2u0 + u1) + ! 1(u1u2 + u0) + ! 2(u2
2 ! 1)] 2 !

[! 0(u2u0 ! u1) + ! 1(u1u2 + u0) + ! 2(u2
2 + 1)] 2 !

2t[⌘0(u0u1 + u2) + ⌘2(u1u2 � u0) + ⌘1(u
2
2 + 1)]2 +

+4r(⌘1u1 + ⌘2u2)
2

relations for ⌘0, ⌘1, ⌘2

t[⌘0(u0u1 + u2) + ⌘2(u1u2 � u0) + ⌘1(u
2
2 + 1)]2 +

+4r(⌘1u1 + ⌘2u2)
2

relations for ⌘0, ⌘1, ⌘2

• moduli space N0
⇠= P3

• extensions L⇤
! E ! L, L 2 Pic1(C)

{L : L⇤
⇢ E} defines a 2⇥ divisor and P3 = P(H0(JacC,2⇥))

hi = 0

B.van Geemen & E.Previato, On the Hitchin system, Duke Math.J.
85 (1996), 659–683.

F.Loray & V.Heu, Hitchin Hamiltonians in genus 2, “Analytic and
Algebraic Geometry” (A.Aryasomayajula et al (eds.)), Springer
Nature Singapore Pte Ltd. and Hindustan Book Agency, (2017)
153–172.

1



• (u0, u1, u2) a�ne coordinates on P3

(⌘0, ⌘1, ⌘2) associated coordinates on cotangent space

• multiplicity algebra = C[⌘0, ⌘1, ⌘2]/{h1, h2, h3}

• ??
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A GENERAL FACT...

• C curve genus g

K1/2 odd theta characteristic (dimH0(C,K1/2) odd)

• E rank 2 bundle, trivial determinant,

) dimH0(C,End0E ⌦K1/2) is odd

W.Oxbury, Oxford D.Phil. thesis (1987)

•  2 H0(C,End0E ⌦K1/2), s 2 H0(C,K1/2),

tr s � = 0 at a zero x of s for all �:
2



• g = 2, fixed point x of � = zero of section s of K1/2

•  2 H0(C,End0E ⌦K1/2)

s 2 H0(C,End0E ⌦K) vanishes at x

) tr s �(x) = 0 for all �

• ) discriminant passes through x 2 C ! P(H1(C,K⇤))

1



• discriminant det(x1Q1 + x2Q2 + x3Q3) = 0

cubic curve in P(H1(C,K⇤))

• C ! P(H1(C,K⇤)) image conic

6 fixed points xi of � : C ! C are K1/2 divisors

discriminant = cubic through x1, . . . , x6

• blow up P(H1(C,K⇤)) at 6 points in the conic: linear system
of cubics through 6 points 3H�E1�. . .�E6 maps the blow up
to a cubic surface S with a node ((X̃)2 = �2 ) X̃ collapsed)

1• discriminant of E ⇠= plane section of a singular cubic

• tr�2
2 H0(C,K2), ↵i 2 H1(C,K⇤), hi = h↵i tr�2i

• ↵ : H0(C,End0E ⌦K) ! H1(C,End0E)

discriminant det↵ = 0

• hypersurface in P(H1(C,K⇤))

• g > 2 singular

(↵ ⇠ x 2 C ⇢ P(H1(C,K⇤)) annihilates � which vanish at x)
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• moduli space N0
⇠= P3

• extensions L⇤
! E ! L, L 2 Pic1(C)

{L : L⇤
⇢ E} defines a 2⇥ divisor and P3 = P(H0(JacC,2⇥))

B.van Geemen & E.Previato, On the Hitchin system, Duke Math.J.
85 (1996), 659–683.

F.Loray & V.Heu, Hitchin Hamiltonians in genus 2, “Analytic and
Algebraic Geometry” (A.Aryasomayajula et al (eds.)), Springer
Nature Singapore Pte Ltd. and Hindustan Book Agency, (2017)
153–172.
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• Pic1(C) – surface S, tangent bundle S ⇥H1(C,O)

• smooth 2⇥ divisor = genus 5 curve C5

(C5.C5 = 4⇥2[S] = 8 = 2g � 2)

• 2⇥ divisors in Pic1(C) symmetric under L 7! KL⇤

(H0(C,E ⌦ L) = 0 , H0(C,E ⌦ L⇤K) = 0)

• free involution ! : C5 ! C5

quotient curve C3 of genus 3.

3



• line bundle L ! " E = section of P( E ) # C

• ! 2E trivial $ normal bundle L 2

L ! # E # L very stable $ H 0( C, L %2K ) = 0

• $ H 1( C, L 2) = 0 $ space of sections is smooth

• very stable $ smooth 2 " divisor in Pic 1( C)

1



• normal bundle of C5
!= canonical bundle K5

• invariant sections != tangent space of moduli space

H1(C,End 0 E) != H0(C5,K5) + != H0(C3,K3)

dual: H0(C,End 0 E " K) != H0(C3,K3) #

• translations in Pic 1(C) deform 2 !

$ H1(C,O) != H0(C5,K5) % != H0(C3,KU )

U line bundle on C3, U2 != O
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¥ normal bundle of C5
!= canonical bundle K 5

¥ invariant sections != tangent space of moduli space

H 1( C, End 0 E ) != H 0( C5, K 5) + != H 0( C3, K 3)

dual: H 0( C, End 0 E " K ) != H 0( C3, K 3) #

¥ translations in Pic 1( C) deform 2 !

$ H 1( C, O) != H 0( C5, K 5) % != H 0( C3, KU )

U line bundle on C3, U2 != O
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¥ basis s, t ! H 0( C3, K 3U)

q1 = s2, q2 = st, q3 = t2 ! H 0( C3, K 2
3 )

¥ C3 nonhyperelliptic " H 0( C3, K 2
3 ) = S2H 0( C3, K 3)

qi # Qi quadratic forms on H 0( C3, K 3) $ #= H 0( C, End 0 E %K )

Thm : (van Geemen/Previato) The quadratic forms Q1, Q2, Q3
deÞne the map h : H 0( C, End 0 E % K ) & H 0( C, K 2)

( S2H 0( C3, K 3U) #= S2H 1( C, O) = S2H 0( C, K ) $ = H 0( C, K 2) $)
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¥ basis s, t ! H 0( C3, K 3U)

q1 = s2, q2 = st, q3 = t2 ! H 0( C3, K 2
3 )

¥ C3 nonhyperelliptic " H 0( C3, K 2
3 ) = S2H 0( C3, K 3)

qi # Qi quadratic forms on H 0( C3, K 3) $ #= H 0( C, End 0 E %K )

Thm : (van Geemen/Previato) The quadratic forms Q1, Q2, Q3
deÞne the map h : H 0( C, End 0 E % K ) & H 0( C, K 2)

( S2H 0( C3, K 3U) #= S2H 1( C, O) = S2H 0( C, K ) $ = H 0( C, K 2) $)
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FROM THE DISCRIMINANT

... TO THE BUNDLE

1



¥ any smooth cubic curve can be written in the form

det( x1Q1 + x2Q2 + x3Q3) = 0

¥ Q2
2 � Q1Q3 = 0 deÞnes a quartic plane curve C3

¥ Q1 deÞnes q1 2 H 0( C3, K 2
3 ) with double zeros

i.e. q1 = s2 for a section of K 3U, U2 ⇠= O

¥ C5 deÞned as the unramiÞed covering C5 ! C3

¥ the Prym variety P( C5, C3) is the Jacobian of a genus 2 curve.

2



Corollary : As E varies, the modulus of the cubic curve which is
the discriminant of the quadratic map varies nontrivially.

! the isomorphism class of the algebra varies nontrivially.

1

! a general cubic through the 6 points is the discriminant for a
very stable bundle.

....AND FINALLY
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! a general cubic through the 6 points is the discriminant for a
very stable bundle.

....AND FINALLY
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... THE MODULI SPACE

• any smooth cubic curve can be written in the form

det( x1Q1 + x2Q2 + x3Q3) = 0 ...

...depending on choice of K 1/ 2 with H 0( X, K 1/ 2) = 0

• K != O: three choices

• moduli space of projective bundles !

threefold cover of P 3 branched over a degree 12 surface

1



¥ moduli space of projective bundles P( E ) =

P3/H 1( C, Z2) = Igusa quartic in P 4

¥ dual of quartic = Segre cubic

dual of point = hyperplane P 3

planes in hyperplane ! lines through point

¥ hyperplane section = singular cubic surface

¥ " 3-fold cover = projection from a point on the quartic

1



• reintroduce the curve C:

• discriminant ! ! P( H 1( C, K " ))

• g = 2 even degree !

g = 2 odd degree ! = 3 lines

1

! (p)

! (q)

! (r)

⇡(p)

⇡(q)

⇡(r)

⇡(p)

⇡(q)

⇡(r)

• reintroduce the curve C:

• discriminant � ⇢ P(H1(C,K⇤))

• g = 2 even degree X

g = 2 odd degree � = 3 lines
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• reintroduce the curve C:

• discriminant � ⇢ P(H1(C,K⇤))

• g = 2 even degree X

g = 2 odd degree � = 3 lines

1

conic ⇡(C)

• consider M = h̄�1(P(H0(C,K)) as an abstract variety

• C ⇢ P(H0(C,K⇤)) bicanonical embedding

x 2 C ) hyperplane meeting P(H0(C,K) ⇢ P(H0(C,K2)) in
a hyperplane multiplicity 2

• g > 2 Pic0(M) ⇠= Pic0(Picg�1(C)) ⇠= Pic0(C)

M ! Alb(M) ⇠= Picg�1(C) up to translation

•

1



RECOVERING THE BUNDLE P(E)

1



• g > 2, C non-hyperelliptic

semistable bundle E,⇤2E ⇠= O determined by

2⇥-divisor D(E) ⇢ {L 2 Picg�1(C) : L⇤
⇢ E}

• very stable h̄ : P3g�4
! P(H0(C,K2))

a 7! a2: Pg�1 ⇠= P(H0(C,K)) ⇢ P(H0(C,K2))

• Prop: h̄�1(P(H0(C,K)) ⇠= D(E)/⌧ where ⌧(L) = KL⇤.

1

• g > 2, C non-hyperelliptic

semistable bundle E, ! 2E != O determined by

2" -divisor D ( E ) " {L # Pic g$ 1( C) : L %" E }

• very stable øh : P 3g$ 4 & P( H 0( C, K 2))

a '& a2: P g$ 1 != P( H 0( C, K )) " P( H 0( C, K 2))

• Prop :

(i) øh$ 1(P( H 0( C, K )) != D ( E ) / ! where ! ( L ) = KL %.

(ii) øh ! Gauss map D ( E ) & P( H 0( C, K ))
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¥ g > 2, C non-hyperelliptic

semistable bundle E, ! 2E != O determined by

2" -divisor D ( E ) " { L # Pic g$ 1( C) : L %" E }

¥ very stable øh : P 3g$ 4 & P( H 0( C, K 2))

a '& a2: P g$ 1 != P( H 0( C, K )) " P( H 0( C, K 2))

¥ Prop :

(i) øh$ 1(P( H 0( C, K )) != D ( E ) / ! where ! ( L ) = KL %.

(ii) øh ! Gauss map D ( E ) & P( H 0( C, K ))
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¥ øh! 1(P( H 0( C, K )) = { ! " H 0( C, End 0 E # K ) : det ! = ! a2}

L, KL $ are the eigenspaces with eigenvalues ± a

(spectral curve x2 ! a2 = 0)

¥ tangent bundle of Pic g! 1( C) %= Pic g! 1( C) & H 1( C, O)

D ( E ) ' Pic g! 1( C) hypersurface

conormal bundle N $ ' D ( E ) & H 0( C, K )

¥ Gauss map (= øh): D ( E ) ( P( H 0( C, K 2))
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¥ øh! 1(P( H 0( C, K )) = { ! " H 0( C, End 0 E # K ) : det ! = ! a2}

L, KL $ are the eigenspaces with eigenvalues ± a

(spectral curve x2 ! a2 = 0)

¥ tangent bundle of Pic g! 1( C) %= Pic g! 1( C) & H 1( C, O)

D ( E ) ' Pic g! 1( C) hypersurface

conormal bundle N $ ' D ( E ) & H 0( C, K )

¥ Gauss map : D ( E ) ( P( H 0( C, K ))

' P( H 0( C, K 2)) = øh

1

¥ øh! 1(P( H 0( C, K )) = { ! " H 0( C, End 0 E # K ) : det ! = ! a2}

L, KL $ are the eigenspaces with eigenvalues ± a

(spectral curve x2 ! a2 = 0)

¥ D ( E ) smooth % dim H 0( C, E # L ) = 1 unique L $ & E

¥ Gauss map: D ( E ) ' P( H 0( C, K ))
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¥ consider M = øh! 1(P( H 0( C, K )) as an abstract variety

¥ quadratic maps

P( H 0( C, K )) a2
" P( H 0( C, K 2))

øh : P 3g! 4 " P( H 0( C, K 2))

¥ injection f : M " P3g! 4 # P( H 0( C, K ))

U = f $O(1 , ! 1) , U2 %= O

& unramiÞed double covering ÷M " M
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¥ quadratic maps

P( H 0( C, K )) a2
" P( H 0( C, K 2))

øh : P 3g! 4 " P( H 0( C, K 2))

¥ injection f : M " P3g! 4 # P( H 0( C, K ))

U = f $O(1 , ! 1) , U2 %= O

& unramiÞed double covering ÷M " M
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¥ g > 2: Pic 0( ÷M ) != Pic 0(Pic g" 1( C)) != Pic 0( C)

¥ Alb( ÷M ) != Pic g" 1( C)

¥ ÷M # Alb( ÷M ) != Pic g" 1( C) deÞned up to translation

¥ 2! -divisor deÞned up to 2-torsion $ P( E )

2



....AND FINALLY

1



¥ X = intersection of two quadrics in P 4

= blow up of P 2 at 5 points

¥ 16 lines =

5 points +10 lines joining them + 1 conic

¥ conÞguration: 5 intersections on each line

3

Clebsch graphs

• moduli space of projective bundles P(E) =

P3/H1(C,Z2) = Igusa quartic in P4

• dual of quartic = Segre cubic

dual of point = hyperplane P3

planes in hyperplane ⇠ lines through point

• hyperplane section = singular cubic surface

• ) 3-fold cover = projection from a point on the quartic

1



• how many pairs of skew lines?

• ((16� 1� 5)⇥ 16)/2 = 80

Happy birthday Peter!
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