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 compact Riemann surface of genus g


 moduli space of stable vector bundles of rank r and degree 
d on 


Mumford 1962:   has a natural structure of an algebraic 
variety


Narasimhan-Seshadri 1964 & 1965: topological type of  
depends on 

Σg

M(r, d)
Σg

M(r, d)

M(r, d)
g

Introduction









finitely generated group


 complex algebraic group 


Representation variety 





Example: 


  


Γ = < x1, …, xk | r1, …, rs >

G

𝒳(Γ, G) = Hom(Γ, G) = {(A1, …, Ak) ∈ Gk | r1, …rs satisfied}

Γ = π1(Σ1) = < a, b |aba1b−1 = 1 > G = GL2(ℂ)

𝒳(Γ, G) = < (A, B) ∈ GL2(C)2 | ABA−1B−1 = 1 >

Introduction



 acts on  by conjugation


Character variety  




Example:





For     can be parametrised by 
characters


Culler and Shalen (1983): Character ;    ,  so 
that  isomorphic 


Therefore  is the space of characters 

G 𝒳(Γ, G)

𝔐(Γ, G) := 𝒳(Γ, G)//G

𝔐( < a > , SL2(ℂ)) = SL2(ℂ)//SL2(ℂ)

G = GLr(ℂ), SLr(ℂ), PSLr(ℂ) 𝔐(Γ, G)

χρ : Γ ⟶ k χρ(g) = Tr(ρ(g))
ρ1, ρ2 : Γ ⟶ GL(Vk) ⟹ χρ1

= χρ2

Homirr(Γ, GL(V ))/G

Introduction



Narasimhan-Seshadri 1965: 





For 


-local systems ( )


 local 

systems such that    residue( )= 


𝔐(π1(Σg), U(r)) ≅ M(r,0)

𝔐g
I (U(r)) := {(A1, B1, ⋯, Ag, Bg) ∈ U(r)2g |

g

∏
i=1

[Ai, Bi] = I}//U(r)

G = GLr(ℂ), SLr(ℂ)

𝔐g
I (G) ≅ G deg = 0

𝔐g
e2πid

r I
(G) = {(A1, B1, ⋯, Ag, Bg) ∈ G2g |

g

∏
i=1

[Ai, Bi] = e
2πid

r I}//G G−

(E, ∇) ∇ −
d
r

ℜg
e2πid

r I
:= {(A1, B1, ⋯, Ag, Bg) ∈ G2g |

g

∏
i=1

[Ai, Bi] = e
2πid

r I}
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If  is abelian, any 




When  (  e.g. differential manifold) we get  


Moreover  Riemann surface gives 


Hence we have a correspondence: 








G X
Hom(π1(X), G) ≅ Hom ( π1(X)

[π1(X), π1(X)]
, G) ≅ H1(X, G) ≅ H1(X, G)

G = ℝ X H1(X, ℝ) ≅ H1
dR(X, ℝ)

X = Σg H1
dR(Σg, ℝ) ≅ ℋ1(Σg)

Hom(π1(Σg), ℝ)

H1
dR(Σg)

ℋ1(Σg)

Introduction



Any reductive algebraic group  


Theorems by Corlette, Donaldson, Hitchin and Simpson: (1980s)





We shall deal also with non-reductive Lie groups!

G

ℳd
Higgs(G) ≅ ℳd

Betti(G) ≅ ℳd
de Rham(G)

Introduction

G-Local systems

Representations of the fundamental group into G

Moduli space of G-Higgs bundles 



Weight  Hodge structure:


 finite dimensional complex vector space with real structure


, 


 ,     Hodge 

(descending) filtration





Thm (Deligne) For any compact Kähler variety  its cohomology 
groups  have a weight  pure Hodge structure 

k

H

H = ⨁
k=p+q

Hp,q Hp,q = Hq,p

H = F0 ⊃ F1 ⊃ F2 ⊃ ⋯ Fp = ⨁
s≥p

Hs,k−s

Grp
F(H) = Fp/Fp+1 = Hp,q

Z
Hk(Z) k

Hodge structures



Mixed Hodge structure:


 finite dimensional vector space with real structure


Weight ascending filtration


 


Hodge descending filtration  inducing a pure Hodge structure of weight  
on each 


    


Thm (Deligne) For any  quasi-projective variety,  and  have mixed 
Hodge structures


     

H

⋯Wk−1 ⊂ Wk ⊂ ⋯ ⊂ H

F∙ k
GrW

k := Wk /Wk−1

Hp,q = Grp
FGrW

p+q hp,q := dim Hp,q

Z Hk(Z) Hk
c(Z)

Hk(Z) = ⨁
p,q

Hk;p,q
c (Z) Hk;p,q(Z) = Grp

FGrW
q+p (Hk

c(Z))

Hodge structures



Poincaré polynomial     , 


Hodge polynomial       


Mixed polynomial      


-polynomial 


P(Z)(t) := ∑
k

bktk bk = dim Hk(Z)

H(Z)(u, v) := ∑
p,q

hp,q(Z)upvq

H(Z)(u, v, t) := ∑
k,p,q

hk,p,q
c (Z)tkupvq

e e(Z)(u, v) := ∑
p,q

∑
k

(−1)k hk;p,q
c (Z)upvq ∈ ℤ[u, v]

P(Z)(t) = e(Z)(t, t)

Invariant polynomials



   


 Küneth 


 fibration in Zariski topology (or principal bundle) 



Examples:








Z = ⊔i Zi e(Z) = ∑
i

e(Zi)

Z = F × B e(Z) = e(F)e(B)

F ⟶ Z ⟶ B
e(Z) = e(F)e(B)

e(ℂn) = qn

e(ℂ⋆) = qn − 1

e(ℂℙn) = qn + qn−1 + ⋯ + q + 1

-polynomiale



 ring homomorphism. In particular 



 “balanced” :  whenever  


Moreover, if  lies in the subring generated by  the virtual class 
extends the e-polynomial 


We will get polynomials  as our invariants for our character 
varieties.


This is functorial and allows the construction of a TQFT

e : KVark ⟶ ℤ[u, v]
e([k]) = uv = q

Z hk;p,q
c (Z) = 0 p ≠ q

[Z] [k]

e(q)

-polynomiale






 loc. trivial ( Zariski top. ) 














e([GL2(ℂ)]) = q4 − q3 − q2 + q

GL2(ℂ) ⟶ ℂ2∖0 A ↦ Ae1

e([GL2(ℂ)]) = e([ℂ2∖{(0,0}])e([ℂ2 − ℂ]) = (q2 − 1)(q2 − q)

e([PGL2(ℂ)]) = q3 − q

e([SL2(ℂ)]) = q3 − q

0 ⟶ ℂ ⟶ SL2(ℂ) ⟶ ℂ2∖0 ⟶ 0

e([SL2(ℂ)]) = e([ℂ])e([ℂ2∖0]) = q(q2 − 1)

-polynomiale



Example


 because:





Consider  

 





e([𝒳(π1(Σg), GL1(ℂ))]) = e([GL1(ℂ)]2g) = (q − 1)2g

ℜg
I (GL1(ℂ)) = < A1, B1, …, Ag, Bg |

g

∏
i=1

[Ai, Bi] = 1 >

Ai, Bi ∈ GL1(ℂ)

h : (A1, B1, …, Ag, Bg) ∈ GL1(ℂ)2g ⟶
g

∏
i=1

[Ai, Bi] ∈ GL1(ℂ)

ℜg
I (GL1(ℂ)) = h−1(I)

-polynomiale



Goal 


  commutator map 


   where  


 


Notice              


  





e(ℜg
C0

(SL2(ℂ))

f : SL2(ℂ)2g ⟶ SL2(ℂ)

SL2(ℂ) = I ⊔ −I ⊔ [J+] ⊔ [J−] ⊔ Cλ Cλ = diag(λ, λ−1) λ ∈ ℂ⋆∖±1

J+ = (1 0
1 1) J− = (−1 0

1 −1)
e(±I) = 1 e([J±]) = q2 − 1 e([Cλ]) = q3 − 2q2 − q

e(SL2(ℂ)) = 1 + 1 + 2(q2 − 1) + q3 − 2q2 − q = q3 − q

𝒞i ∈ {I, − I, [J+], [J−], [Cλ]}

SL2(ℂ)2g = ⊔i f −1(Ci)

-polynomiale



To compute  we need


Proposition: Let  algebraic variety with a  action,  smooth and 
irreducible,  variety


Then 


Where 

e([Cλ])

X ℤ2 B
F

e(X)+ = e(X/ℤ2) = e(F)+e(B)+ + e(F)−e(B)−

e(X)− = e(X) − e(X)+

-polynomiale

X ⟶ X /ℤ2

B ⟶ B/ℤ2

F



              



Also define:


           


             


 


 decompose it as


 and  s.t.  hence 


 and  s.t.  hence 


(1)

X0 = f −1([I]) X1 = f −1([−I]) X2 = f −1([J+]) X3 = f −1([J−])
X4 = f −1([Cλ])

X0 = f −1(I) = X0 X1 = f −1(−I) = X1

X2 = f −1(J+) X3 = f −1(J−) X4 = f −1(Cλ)

e(X0) = e(X0) = q4 + 4q3 − q2 − 4q

X0 = {(A, B) | [A, B] = I}

A = ± I B ∈ SL2(ℂ) ABA−1B−1 = BB−1 = I SL2(ℂ) ⊔ SL2(ℂ)

B = ± I A ∈ SL2(ℂ) ABA−1B−1 = AA−1 = I SL2(ℂ) ⊔ SL2(ℂ)

e( ) = e(SL2(ℂ) ⊔ SL2(ℂ) ⊔ SL2(ℂ) ⊔ SL2(ℂ)∖±I × ±I) = 4(q3 − 1) − 4

-polynomiale

{(1)



 





(2)  Jordan form in same basis 





(3)  diagonalisable same basis 





equivariant -polynomial to consider the action of  interchanging eigenvectors  

 


       


       


     

e(X0) = e(X0) = q4 + 4q3 − q2 − 4q

X0 = {(A, B) | [A, B] = I} = (1) ⊔ (2) ⊔ (3)

A, B ∈ [J±]

e((2)) = 4(q − 1)e(PGL2(ℂ))/U) = 4(q − 1)(q2 − 1)

A, B ∈ [Cλ]

e((3)) = (q − 2)2q2 − 2(q − 2)q + q2

e ℤ2

e(X1) = q3 − q = e(X1)

e(X2) = q3 − 2q2 − 3q e(X2) = e(GL2(ℂ/U)e(X2) = q5 − 2q4 − 4q3 + 2q2 + 3q

e(X3) = q3 + 3q2 e(X3) = q5 + 3q4 − q3 − 3q2

e(X4) = q4 − 3q3 − 6q2 + 5q + 3 e(X4) = q6 − 2q5 − 4q4 + 3q2 + 2q

-polynomiale



By Angel González-Prieto 



  explicit description 
 and 








 explicit description 
  
 


  

e(𝔐1
I (SL2(ℂ))) = q2 + 1

h4,2,2(𝔐1
I (SL2(ℂ))) = h2,0,0(𝔐1

I (SL2(ℂ))) = 1

Hc(𝔐1
I (SL2(ℂ)))(q, t) = q2t4 + t2

e(𝔐1
−I(SL2(ℂ))) = 1

e(𝔐1
J+(SL2(ℂ))) = q2 − 2q − 3

h4,2,2
c (𝔐1

J+(SL2(ℂ))) = 1 h3,1,1
c (𝔐1

I (SL2(ℂ))) = 2
h2,0,0(𝔐1

J+(SL2(ℂ))) = 1 h1,0,0(𝔐1
J+(SL2(ℂ))) = 4

Pc(𝔐1
J+(SL2(ℂ))) = t4 + 2t3 + t2 + 4t

Hc(𝔐1
J+(SL2(ℂ))) = q2t4 + 2qt3 + t2 + 4t

Applications



 explicit description 



e(𝔐1
J−(SL2(ℂ)) = q2 + 3q h4,2,2

c = 1 = h1,0,0
c

Pc(𝔐1
J−(SL2(ℂ)))(t) = t4 + t3 + 5t2 + t

Applications

1 5 1 1

0

3

1

1 5 1 1

0

3

1



 


Boden-Yokogawa: 


e(𝔐1
Cλ

(SL)2(ℂ))) = q2 + 4q + 1

Pc(𝔐1
Cλ

(SL2(ℂ))) = t4 + 5t2

Hc(𝔐1
Cλ

(SL2(ℂ))) = q2t4 + qt2 + t2

Applications

0 5 0 1

1

4

1



Parabolic structure: 

 


 conjugacy clases  in  (holonomies) 


 

Parabolic representation variety


 Parabolic character variety

D := p1 + p2 + ⋯ + ps

{𝒞1, 𝒞2, …, 𝒞s} G

ℜg
𝒞1,…,𝒞s

(G) := {(A1, B1, …, Ag, Bg, C1, …, Cn) ∈ G2g+s |
2g

∏
i=1

[Ai, Bi]C1…Cs = 1}

𝔐g
𝒞1,…,𝒞s

(G) := ℜg
𝒞1,…,𝒞s

(G)//G

Applications



Any reductive algebraic group  


C. Simpson Harmonic bundles on noncompact curves. J. Amer. 
Math. Soc. 3 (1990), no. 3, 713–770





We shall deal also with non-reductive Lie groups!

G

ℳPHiggs(G) ≅ ℳp
Betti(G) ≅ ℳp

de Rham(G)

Introduction

G-Local systems
Representations of the fundamental group into G

Moduli space of G- parabolic Higgs bundles 



L. Muñoz, Hodge polynomials of the SL(2,C)-character variety of an 
elliptic curve with two marked points, Internat. J. Math. 25 (2014), no. 
14, 1450–125.





Boden-Yokogawa: 


Thm (Biquard-Jardim): The moduli space of doubly periodic instantons 
is isomorphic algebraically to the moduli space of non-strongly 
parabolic Higgs bundles with two punctures on a genus 1 curve. 


Non-strongly parabolic… no known Morse theory 


Strongly parabolic  non-strongly parabolic  but all 
character varieties are diffeomorphic

e(𝔐1
C1,C2

(SL2(ℂ))) = q4 + 2q3 + 6q2 + 2q + 1

Pc(𝔐1
C1,C2

(SL2(ℂ)))(t) = t8 + 3t6 + 2t5 + 10t4

|λ | = 1 |λ | ≠ 1

Applications



Applications

10 2 3 0 1

1

2

6

2

1






   


    


(L., Muñoz, Newstead) Mirror symmetry does not hold for character 
varieties with non-semisimple holonomy 


J. Martinez, -polynomials of -character varieties of 
surface groups, arxiv:1705.04649


M. Mauri, Topological mirror symmetry for rank two character 
varieties of surface groups, arxiv:2101.04659

e(𝔐1
I (SL2(ℂ))) = q2 + 1

ℳHiggs(SL2(ℂ)) ≅ Σg × ℂ/ℤ2 e(ℳHiggs(SL2(ℂ))) = q2 + q

G = SL2(ℂ) LG = PGL2(ℂ)

J±

e PGL2(ℂ)

Applications



Happy birthday Peter!


