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Preliminaries and Motivation Stability for torsion-free sheaves

Torsion-free sheaves and Hilbert polynomials

@ k field of characteristic zero (many results also true over char & > 0).

e (X,O(1)) smooth projective geometrically connected variety over k of
dim X = d with a very ample line bundle.

For dim X = d > 1 and a torsion-free sheaf E on X, let E(n) = E ® O(n).
Let deg E be its degree and rk E its rank.

o Hilbert polynomial:
d

Pg(n) = x(E(n)) = Z(—l)ihi(E(n)) = agn’+ag_1n?" '+ +an®+aintag
i=0
where ag < rk E and ay_; o< degE.
o Reduced Hilbert polynomial:
PE(l’l)

pe(n) = ) n + pgoin® - pan® + pun + o

w; are intermediate i slopes and 11| o p(E) = ‘Ligf 5

usual slope.
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Preliminaries and Motivation Stability for torsion-free sheaves

Slope and Gieseker stability

DEFINITION
A torsion-free sheaf E over X is slope resp. Gieseker (semi)stable if for
every 0 # F C E, itis

H(F) < n(E) resp. peln) < P

and slope resp. Gieseker unstable otherwise.

slope stable = Gieseker stable = Gieseker semistable = slope semistable

Gieseker stability is a refinement of slope stability.
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Preliminaries and Motivation Stability for torsion-free sheaves

Slope and Gieseker Harder-Narasimhan filtration

A torsion-free sheaf E over X has a unique slope resp. Gieseker
Harder-Narasimhan filtration 0 C E| C E; C --- C E; = E such that:

© ((Ei/Ei1) resp. Pg, /g, ,(n) are a decreasing sequence.

@ All quotients E;/E;_ are slope resp. Gieseker semistable.

p(n) Gieseker HN refines
Gieseker HN filtration ) ) slope HNﬁltration.
e 7 7
f‘(z; slope HN filtration F
7
f(‘;

rk(F)
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Preliminaries and Motivation Stability for principal G-bundles

Moduli of principal G-bundles over curves

@ G linear reductive algebraic group over k.
@ V k-vector space of dim r.

e Fix p : G — GL(V) faithful representation.

For dim X = 1, [Ramanathan’76] constructs a projective moduli space of
semistable principal G-bundles using Geometric Invariant Theory (GIT),
with the adjoint representation

p=Ad:G— GL(g)

and a stability condition of slope type:

A principal G-bundle G over (X, O(1)) is (semi)stable if for every reduction
of structure group Gp to a proper parabolic subgroup P C G and all dominant
characters x of P, the associated line bundle x.(Gp) satisfies

deg x«(Gp) < 0.
) 5
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Preliminaries and Motivation Stability for principal G-bundles

Moduli of principal G-bundles over higher dimensional varieties

For dim X > 1, [Gémez-Langer-Schmitt-Sols’02’05’08] consider
degenerations of principal G-bundles to principal p-sheaves (P, £, v):

Given p : G — GL(V), P is principal G-bundle on big open U C X
(codim X\U > 2), & is torsion free sheaf on X and isomorphism
Y : Plp) = E|u.

and construct projective moduli spaces using GIT with a stability condition
of Hilbert polynomial or Gieseker type:

(P, E,) is (semi)stable if all filtrations E4 C E Killing orthogonal (i.e.
giJ- =&_;_1and [51', Ej] C 5\_/,_\]/), it is Z (Pgl. rk & — Pg I‘kgl') (i) 0.

1

Goal 1: Give a stack-theoretic interpretation of the moduli space of
principal bundles avoiding the intrincations of GIT.
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Preliminaries and Motivation Stability for principal G-bundles

Harder-Narasimhan for G-bundles

@ [Ramanathan’76, Behrend’ 95, Biswas-Holla’04] construct an analog for
principal G-bundles over a curve X: canonical reduction to a parabolic
P C G where the associated principal L-bundle is semistable, P = L x U.

@ For dim X > 1, [Anchouche-Azad-Biswas’02] show the existence of
canonical reductions for slope stability conditions.

o [Gurjar-Nitsure’ 16’ 18] relative canonical reductions and stratification of
the stack by Harder-Narasimhan types.

Goal 2: Give a new notion of Gieseker or polynomial Harder-Narasimhan
reduction for principal p-sheaves. J
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Preliminaries and Motivation Attempts to construct a Gieseker HN filtration for principal bundles

Previous attempts: Harder-Narasimhan for rank 2 tensors

Let € be a rk 2 torsion-free sheaf and M a line bundle over X. Every rk 2 tensor

(&, : E®* — M) has a unique Harder-Narasimhan subtensor (L, ¢|z) C (€,¢)
maximizing certain polynomial function. If p is symmetric and X is a curve, the
stability condition can be rephrased in terms of intersection theory on ruled surfaces.
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Preliminaries and Motivation Attempts to construct a Gieseker HN filtration for principal bundles

Previous attempts: relate Gieseker HN for principal bundles with HN for
underlying bundle

The Harder-Narasimhan filtration of the underlying vector bundle and the
canonical reduction of the principal bundle coincide for d = 1; but with a
Gieseker stability condition, they do differ for d > 1.

THEOREM (BISWAS-Z."16)

Example of an O(6,C)-bundle (V,p : V@V — Ox) on a K3 surface X such
that the Gieseker Harder-Narasimhan filtration of V does not correspond to
any parabolic reduction of the principal O(6, C)-bundle, therefore it cannot
relate to the canonical reduction of (V, ).
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Preliminaries and Motivation Attempts to construct a Gieseker HN filtration for principal bundles

New approach: understand Gieseker stability globally in the stack

@ [Gomez-Sols-Z.’15, Hoskins-Kirwan’12] GIT gives natural
stratifications on a truncation of the stack, but not globally.
Harder-Narasimhan filtrations come asymptotically as
Hesselink-Kempf-Ness filtrations in a sequence of GIT problems (Quot
schemes change with twist).

@ [Halpern-Leistner’ 14] Theory of O-stability and ©-stratifications by
locally closed substacks (analog to the Hesselink-Kempf-Ness

stratification of GIT quotients). Define canonical HN filtrations to each
unstable point in the whole stack.

e Active area of research with applications to different moduli problems:
bundles, varieties.
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Stratification on the stack of principal p-sheaves
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Stratification on the stack of principal p-sheaves Stack and ©-filtrations

Stack of principal p-sheaves

DEFINITION
Given a k-scheme S, a principal p-sheaf on Xg := X x; Sis (F, o) where

@ F is a torsion-free sheaf of rank r over Xg, locally free over U C X big
(codim X\U > 2) open.
@ o is a G-reduction of structure group of the GL(V)-bundle F|.

Define Bun,,(X), pseudofunctor from affine schemes into groupoids:

Bun, (X)(S) = [groupoid of p-sheaves (F,c) on Xs| , ,

~F, identifying o1=0,
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Stratification on the stack of principal p-sheaves Stack and ©-filtrations

Analog of 1-parameter subgroups: ©O-filtrations on stacks

Want to generalize the Hilbert-Mumford criterion to stacks to define stability
and Harder-Narasimhan filtrations. J

@ Let M be a stack over k and K D k a field extension.
e Define Og = [AL/G,,], action of G,, with weight —1 on variable ¢.

Origin 0 € Ak unique closed point; 1 (image of the K-point 1 € Ak) is an
open point.

v

DEFINITION

Let p € M be a K-point. A O-filtration of the point p is a morphism of
stacks f : O — M with an isomorphism f(1) ~ p.
@ Graded point f|[/g,,) is called the associated graded of the filtration.
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Stratification on the stack of principal p-sheaves Stack and ©-filtrations

Rees construction turns O-filtrations into Z-filtrations

If M = Coh? (X) (stack of torsion-free coherent sheaves on X) a O-filtration
of F is equivalent (by Rees construction) to a Z-filtration (Fy,)mez:

o =0=0=FCFpC---CF CFpCFHC---F=F=---
with Fin/ Fim—1 torsion-free and associated graded @,y Fn/Fm—1-

For the stack Bun,(X), a ©-filtration f : ©x — Bun,(X) of (F,0) is
((]:m)m627 P)

o (Fm)mez is a O-filtration of the torsion-free sheaf F.

@ U < Xk is a maximal big open set where the associated graded
DB,,cz Fm/Fm—1is locally free.

@ Pisa G-bundle on U xg Ok such that p,(P) (associated
GL(V)-bundle) equals the restriction (Fp|v)mez-

Filt(F, o) = [groupoid of ©filtrations of (F,0) <+ ((Fm)mez, P)],~ J
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Stratification on the stack of principal p-sheaves Stability on the stack and ©-stratifications

Polynomial numerical invariant on Bun,(X) and stability

DEFINITION (POLYNOMIAL NUMERICAL INVARIANT)
For each filtration f : O — Bun,(X) € Filt(F, o) of (F, o), define

weight of certain line bundle weight (Lyo)

v(f) = =

" quadratic norm on graded points
d g P VP (Fliossa)

Using [Halpern-Leistner, Herrero, Jones’21], relate with Cohif(X):
ZmGZ m: (ﬁﬁ,,/./fm,l _ﬁ]-') : rk(fm/ﬁnfl)
Ve Tk(F ) Fn)

v(f) =

v

This defines a notion of stability: a p-sheaf (F, o) is Gieseker semistable if for every filtration
f € Filt(F, o) the function v(f) is non-positive:

Yom-(r,z,_, ~Pr) k(Fu/Fue1) <O

me”Z

and Gieseker unstable otherwise (generalizes Hilbert-Mumford criterion).

This definition coincides with [Gomez-Langer-Schmitt-Sols’02°05°08]. )
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Stratification on the stack of principal p-sheaves Stability on the stack and ©-stratifications

O-stratification and good moduli spaces

THEOREM (HALPERN-LEISTNER’14)

Suppose that the numerical invariant v on a stack M satisfies:

@ O-monotonicity (codim 2 over DVR extension property)
© S-monotonicity (separatedness, S-equivalence)

© HN-boundedness (V destabilizing filtrations v(f) > 0 can find a more
destabilizing one v(f') > v(f) > 0 in a fixed bounded family).

© Boundedness of the semistable locus.
© Existence part of valuation criterion for properness.

Then v induces a ©-stratification on the stack M (1 and 3) and the
semistable locus admits a separated (2) good moduli space (in the sense of
[Alper’13]) (4) that is proper (5).
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Stratification on the stack of principal p-sheaves Stability on the stack and ©-stratifications

Main result 1: Stack construction of moduli of principal p-sheaves

THEOREM (GOMEZ, FERNANDEZ-HERRERO, Z.’21)

Let v be the polynomial numerical invariant defined above on Bun,,(X).

@ v is ©-monotone and satisfies the HN-boundedness condition (hence defines a
O-stratification on Bun, (X)), plus v is S-monotone.

@ The substack Bun,(X)* of Gieseker semistable p-sheaves satisfies the existence
part of the valuative criterion for properness and, fixing the degree ¥ and the
Hilbert polynomial P, Bun,(X)"" is bounded.

@ Therefore the stack Bun,(X) admits a separated good (in the sense of Alper)
moduli space which is proper.

Provides an alternative stack intrinsic approach to the constructions of
[Gomez-Langer-Schmitt-Sols’02°05°08].

Can extend setting to faithful representations p : G — Hle GL(VY) to allow
reductive groups G with large center.
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Gieseker Harder-Narasimhan filtrations
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Gieseker Harder-Narasimhan filtrations O-stratification and leading term HN filtration

O-stratification and leading term HN filtration

Given a Gieseker unstable p-sheaf (F, o) € Bun,(X), 3 ©-filtration
f € Filt(F, o) such that v(f) > 0. Define

AY(F,o):= sup v(f)
fEFilt(F,0)

o The O-stratification defined by v is Bun,(X) = | |,cqp, Ma where

My ={(F,0) € Bun,(X) : A¥(F,o) = A}, with My = Bun,(X)".

PROPOSITION (HALPERN-LEISTNER’ 14, GOMEZ,

FERNANDEZ-HERRERO, Z.’21)

Every (F,o) € My has a unique canonical ©-filtration fq, (equivalently, a
pair ((Fm)mez, P)) such that v(fean) = A, called the leading term
Harder-Narasimhan filtration.

21/ 39



Gieseker Harder-Narasimhan filtrations

O-stratification and leading term HN filtration

Leading term HN filtration for torsion-free F

Idea of Leading term HN filtration for torsion-free sheaves F: case
G = GL(V) and p = id.

@ Suppose F is slope semistable, but Gieseker unstable, then:

Gieseker HN filtration: O0CFSCFPC---CFS=F
slope HN filtration: 0 C F

PA(n)

Gieseker HN filtration

7

)

Fad

Trivial slope HN filtration

rk(F) 29/ 30



Gieseker Harder-Narasimhan filtrations O-stratification and leading term HN filtration

0cC FF c F¥ C FY c---C FS,CF
Pre = Pryr z o PRym 202 PRyR
| I
0cC F
pa—1(FY) = = paa(FE/FL) == pa(FY L)
_ In the reduced Hilbert polynomial
of F:
Gieseker HN filtration
57 & = d d—1
o % Pr(n) =n"+ par (F)n"" '+
75 L -
3 pra—2(FIn' "2 +pg_3(F)n 4.
P all inequalities come from i™
Trivial slope HN filtration slopes Hi withi <d— 1.
h(F)
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Gieseker Harder-Narasimhan filtrations O-stratification and leading term HN filtration

Leading term HN filtration comes from maximizing v(f)

Recall the polynomial numerical invariant

Yomez™ Pr, 7 — Pr) tk(Fm/Fin1)
\/ZmEZ m2 1"k(]:-m/]:mfl)

and let f be the unique canonical O-filtration of 7 maximizing v.

v(f) =

@ Degree of numerator of v(f) is highest index i for which there are
differences (at least one) for i slopes p;(Fm/Fm—1) of the quotients.

@ Maximum of v achieved for the (unique) filtration with largest possible i
(leading index) such that the leading slopes:

wi(FO) > pi(FS JFC) > - > i (FE/FE)

with, at least, one strict inequality.
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Gieseker Harder-Narasimhan filtrations O-stratification and leading term HN filtration

Leading term Harder-Narasimhan filtration

Leading term Harder-Narasimhan filtration of FisOcFH cFl c...CF
where FET = F come from jumps pi(Fg | Fi ) > i th/ )

0cC Fy c F C FY c---c  FL,CF
Pre = Pryre > Pryr 20z PRy,
I I
oc FT C Fir C---C F
il FY) > (D s (T E,)
I I
0cC F
par(FP) = = pa(FE/FEY) == pa(F7/FL)



O-stratification and leading term HN filtration

Shatz polygon of the Leading Term HN filtration

PA(n)

Gieseker HN filtration

s

Trivial slope HN filtration

Tk(F)
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Gieseker Harder-Narasimhan filtrations Gieseker HN filtration

Split case: O-filtrations come from parabolic reductions

Recall canonical ©-filtration f,,, is equivalent to a pair ((Fp)mez, P)-

If Gk is split, following [Heinloth’17] reduction P (which is G-bundle on
U xg Ok) comes from a weighted parabolic reduction on a maximal big
open set:

@ G is the restriction of P to 1 € Ok.
@ cocharacter \ : G, — G defines parabolic subgroup P) C G.
@ G, is a reduction of G to P).

Applying to the Py-bundle G the extension

Py =Ly x Uy, —» L)y — Gg

matches the associated graded f||g,, : [Spec(K)/Gn] — Bun,(X).
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Gieseker Harder-Narasimhan filtrations Gieseker HN filtration

Main result 2: Gieseker-Harder-Narasimhan filtration of a p-sheaf (F, o)

THEOREM (GOMEZ, FERNANDEZ-HERRERO, Z.’21)

Every principal p-sheaf (F, o) admits a unique filtration (F,,)mez, called the
Gieseker Harder-Narasimhan filtration. In the split case, the associated Levi
sheaf is Gieseker semistable.

Proof by recursion:

@ Obtain 1* leading term HN filtration f.4, 1 = (Fn)mez of (F, o) (in the
split case, induced by weighted parabolic reduction (A1, Gy, )).

@ Yields py, : Ly, — GL(V),) C GL(V) (into Levi subgroup) with
fean1lo = (BmezFm/Fm—1,8r(0)) =: gri(F,o) 1°" Levi py,-sheaf.

e If gri(F, o) is not Gieseker semistable repeat the process to get 2"¢
leading term HN-filtration f;4, > and 2" Levi gry(F, o).

o After g steps, arrive to gry(F, o) g™ Levi P(Ar,...,)-Sheaf which is
Gieseker semistable.
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Gieseker Harder-Narasimhan filtrations Gieseker HN filtration

Gieseker Harder-Narasimhan filtration

@ Recursively, Gieseker Harder-Narasimhan filtration is constructed step
by step as the leading term HN filtration of a p-sheaf, maximizing a
polynomial Gieseker stability condition.

@ Each step of the algorithm provides the highest index for which
intermediate slopes form a decreasing sequence: first HN condition.

@ In the split case, associated graded Levi is semistable: second HN
condition.

For torsion-free sheaves, this Gieseker Harder-Narasimhan filtration is, in
fact, the classical one.
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Example of Gieseker Harder-Narasimhan filtration
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Example of Gieseker Harder-Narasimhan filtration

Example of Gieseker HN filtration of a principal p-sheaf: setting

e Let G = SO(7) and p : SO(7) — GL(7) standard representation.

@ Set X = P3, fix aline L C P3 and two different points Z = {p,p’} C P°.

o LetZ;,7,, and 7 ideal sheaves of L, p and Z and set
F=0101L70L, 2000000 0,1k F =T1.

1 F®F = O symmetric e SetU =P*\ (LUZ), then F|y is

bilinear defined by locally free (in fact trivial).

0 - 1

1 @ ¢ canonical trivialization of
1 det F, then det p = 2.
1 e (¢, ¢’) induces reduction of the
1 (trivial) GL(7)-bundle F|y to a
1 (trivial) SO(7)-bundle G — U,
1 o0 with the canonical isomorphism
Y1 pu(G) — Flu.

Yields the principal p-sheaf (F,G, ). )
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Example of Gieseker Harder-Narasimhan filtration

Example: the principal p-sheaf is slope semistable

Principal SO(7)-bundle G — U is trivial, hence slope semistable (in the sense
of [Ramanathan’76]). Therefore the Harder-Narasimhan (slope) canonical
reduction by [Anchouche, Azad, Biswas’02] is trivial.

pAn)

F=0Y"®IT,0I;0I;

slope HN filtration

(%)
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Example of Gieseker Harder-Narasimhan filtration

Example: Gieseker stability

Hilbert polynomials of rk 1 sheavesin F =Z; ®1; @ L, 8 O O @ O @ O are:
1, 5 2 1 5 2
Po(")Zg(n +6n"+10n+3) PIP(”):E(” +6n° + 10n — 3)
1 1
Pz,(n) = E(n3 +6n* +10n—9) , Pr(n)= g(n3 +6n* — 6n—3)

The p-sheaf (F, G, 1) is slope semistable, by checking leading degree 2 terms of
Hilbert polynomials:

pa—1(H) = ppo(H) =p(H) =1 for H=0,1,1;,1

But it is Gieseker unstable with leading index 1 and leading slope 1, :

1 5 1
30 C F such that ﬁo(n)=6n3+n2+§n+§>

4.-P + P + P + P 1 9 1
ﬁ;(l’l) _ O(”) IP(n)7 Iz(n) IL(”) _ gn3 +n?+ 7’1 -
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Example of Gieseker Harder-Narasimhan filtration

Example: computation of the 1*" leading term HN filtration

Leading Term HN filtration will be the unique filtration maximizing the
polynomial numerical invariant v such that:
e Comes from cocharacters of SO(7) of the form
diag (14,1°,¢,1,t7¢,t72, %) witha > b > ¢ > 0.
e Filtration (F,;,)mez comes from a reduction to SO(7)): satisfies condition
Ft, = Fm_1 where F;- := ker (F HFV S F;¥) is the orthogonal of
a subsheaf F; C F.

The 1°" leading term HN filtration turns out to be

F_q Fo Fi
/= == =
0O ¢ L;8L,00000000 c 'F

with FL, = F, and cocharacter Ay = diag(,1,1,1,1,1,171).
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Example of Gieseker Harder-Narasimhan filtration

Shatz polygon of 1*' leading term HN filtration

p(n)

Fo=0"BIL,BI,

1st leading term HN filtration
FI=F=0%"0L,0I;0I

slope HN filtration

k(7)
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Example of Gieseker Harder-Narasimhan filtration

Example: 1* Levi sheaf of the 1* leading term HN filtration

@ 1% leading term HN filtration obtained by cocharacter
A = diag(t, 1,1,1,1,1,¢71).
@ Associated 1" Leviis Ly, = G,, x SO(5) with representation
G xSO(5) — GL(1) x GL(5) x GL(1) C GL(7)

P

@ Associated 1* graded p), -sheaf for the 1* Levi L), is
Fh=F_, Fo=Fy/F_ Fh=F/Fo

= ~~
O © ;9L,0000300 © T

The SO(5)-sheaf defined by F° is Gieseker unstable with leading index 0 and
leading slope j1o: 3 O C F° such that

D (71)—”3—i-112—|—5n—|—1 >pro(n) =
Po\t) = ¢ g ~ PV = 5 6 3

3

Then compute its 2" leading term HN filtration.

3Po(n) + Pr,(m) + Pr,(m) _w°  » 5 3




Example of Gieseker Harder-Narasimhan filtration

Example: 2"¢ Levi sheaf of the 2"/ leading term HN filtration

The 2"¢ leading term HN filtration of the SO(5)-sheaf F° is

7o, 7, 7 bat 73
A~ —_—— ———
(@) c 000 Cc 0000 C L,600000 C FO

@ Given by the cocharacter )\, = diag(¢?,¢, 1,17 !,172).

o Associated 2"/ Leviis Ly, = G, x (G, X G,,) C Gy, x SO(5), with
representation

Py Gy x (G, xGy) — GL(1)*7 ¢ GL(7)
(a,b,c) —  (a,b,c,1,c7 b7 a )

e Associated 2"/ graded p,,-sheaf for the 2" Levi L ), 18 isomorphic to
F=11 9121, 0® 00O O, which is Gieseker semiestable
(as a Ly,-sheaf) because all line bundles are = stop.
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Example: final Gieseker HN filtration (after 2 iterations)

F(=1,0)

=
Finally, the Gieseker Harder-Narasimhan filtration is O -

Fo,-1 0,0 Fo,n F0,2)
o¥ c 0% c 7,90 c Loz, e0°%

px(n)

2nd leading term HN filtration = Gieseker HN filtration

Fon=0"aI, Fon=0"6ILeIs

Floo) = 0% Fuo=F=0"L,6I,0I,
Flo-1) = 03 1st leagifig term HN filtration
Flp 2y = O

slope HN filtration
T 1.0)| = O

rk(F)
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